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1. Introduction
The positive energy theorem plays a fundamental role in general relativity.
When the cosmological constant is zero, the positive energy theorem was
first proved by Schoen and Yau [15, 16], then by Witten [22, 14]. When the
cosmological constant is negative and spacetimes are asymptotically anti-de
Sitter, the mathematical rigorous and complete proofs of the positive energy
theorem were given byWang, Chrus´ciel and Herzlich for asymptotically anti-
de Sitter initial data sets with the trivial second fundamental form [19, 4],
and by Chrus´ciel, Maerten and Tod for them with the nontrivial second
fundamental forms assuming the existence of center of AdS mass’ coordinate
systems [11, 5]. Finally, Wang, Xie and Zhang proved the positive energy
theorem for general case [20]. Its extension involving electromagnetic fields
was proved by Wang and Xu [21].
It is an interesting question what is the weakest regularity of initial data
sets for which the positive energy theorem holds. When the cosmological
constant is zero and initial data sets have the trivial second fundamental
forms, the positive energy theorem was proved by Miao for metrics which
are Lipschitz along a hypersurface using the conformal deformation method
[13]. Similar results were also proved by Shi and Tam using Witten’s spinor
method together with an application to the proof of the positivity of the
Brown-York quasi-local mass [17], and by McFeron and Szkelyhidi using the
Ricci flow method [12]. Recently, Alaee and Yau provided the positive mass
theorem with angular momentum and charges for axially symmetric initial
data sets with corners along a hypersurface [1]. When metrics have low-
dimensional singular sets, Lee also used the conformal deformation method
to proved the theorem [7]. After that, Lee and LeFloch generalized all the
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above results to metrics with lower regularity C0 ∩W 1,n−τ for τ ≥ n−22 [8].
Recently, Shibuya proved the following theorem which generalized Lee and
LeFloch’s result to the case of nontrivial second fundamental form [18].
Theorem 1.1. Let (M,g, h) be an n-dimensional W 1,n−τ asymptotically flat
data with τ > n−22 and P its generalized ADM (n + 1)-momentum . If
this data has a spin structure and satisfies the dominant energy condition
in distributional sense, then P (U) is non-negative for any future-directed
vector U which is constant on the frame Φ. In addition, if P is zero, then
the data has a globally parallel spinor frame with respect to the spacetime
connection.
The case of positive cosmological constant eventually can be reduced to
the case of zero cosmological constant [10, 9] and the relevant positive energy
theorems hold automatically. But the case of negative cosmological constant
is the most sophisticated case as it involves ten physical quantities. In this
case Bonini and Qing proved the positive energy theorem when initial data
sets have Lipschitz metrics along a hypersurface and the second fundamental
form is trivial [3]. In this paper, we proved it when the second fundamental
form is nontrivial and generalized the main results of [20] to initial data sets
with distributional curvatures.
Theorem 1.2. Let (M,g, h) be a 3-dimensional asymptotically anti-de Sit-
ter initial data set of order τ > 32 with distributional curvature. Suppose that
it satisfies the weak dominant energy condition (2.1). Let E0 be the total
energy, ci, c
′
i and Ji be the total momenta given in Definition 4.1. Then,
for each end
E0 ≥
√
L2 − 2V 2 + 2(max{A4 − L2V 2, 0}) 12 . (1.1)
If E0 = 0 for some end, then R˜ijij = R˜
AdS
ijij , R˜0jkl = R˜
AdS
0jkl along M in the
sense of distribution.
The paper is organized as follows: In Section 2, we introduce weak asymp-
totically anti-de Sitter initial data sets with distributional curvature and
weak dominant energy condition. In Section 3, we study the existence and
uniqueness of the Dirac equation for weak asymptotically anti-de Sitter ini-
tial data sets satisfying weak dominant energy condition. In Section 4, we
show that the total energy-momentum can be defined for weak asymptoti-
cally anti-de Sitter initial data sets and prove the positive energy theorem
under the weak dominant energy condition.
2. Weak initial data sets
Let (N, g˜) be a spacetime and (M,g, h) be an initial data set where M is
a 3-dimensional spacelike hypersurface with the induced Riemannian metric
g and the second fundamental form h. Let ∇ and ∇˜ be the Levi-Civita
connections of g and g˜ respectively. Let S be the locally spinor bundle of N
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and we still denote by S its restriction to M . Lift ∇ and ∇˜ to S and denote
the corresponding spin connections the same as ∇ and ∇˜. Fix a point p ∈M
and an orthonormal basis {eα} of TpN with e0 normal and {ei} tangent to
M . Extend {eα} to a local orthonormal frame in a neighborhood of p in
M such that (∇gi ej)p = 0. Extend this to a local orthonormal frame {eα}
for N with (∇˜0ej)p = 0. Then (∇˜iej)p = hije0, (∇˜ie0)p = hijej . Denote
H =
∑
i hii, |h|2 = hijhij . There is a positive definite Hermitian metric〈·, ·〉 on S, with respect to which ei is skew-Hermitian and e0 is Hermitian.
Unless Furthermore, ∇ is compatible with 〈·, ·〉, but ∇˜ is not. The constraint
equations give that
T00 =
1
2
(
R+H2 − |h|2)+ 3κ2,
T0i =∇j
(
hij − gijH
)
.
Define
∇̂i = ∇˜i +
√−1
2
κei, D̂ =
3∑
i=1
ei∇̂i.
Let ∇˘ and {e˘i} be the Levi-Civita connection and frame of the hyperbolic
metric
g˘ = dr2 +
sinh2(κr)
κ2
(
dθ2 + sin2 θdψ2
)
respectively. Given 3-dimensional Riemannian manifold M , we assume that
it equips with a smooth metric which is g˘ on ends for simplicity. (Indeed, it
is sufficient if there is an asymptotically hyperbolic complete metric of order
τ > 3 in the sense of [23]). For abusing of notations, we denote this metric
as g˘ and ρ˘ its distance function. Now we introduce the following function’s
weighed norm on M . For p > 0,
‖u‖Lpα =
∫
M
|u|pe−αpκρ˘dµg˘.
We define the weighted Sobolev spaces
Lpα =
{
u : ‖u‖Lpα <∞
}
,
W 1,pα =
{
u : ‖u‖Lpα + ‖∇u‖Lpα <∞
}
.
Lemma 2.1. The following propositions hold for weighted Sobolev spaces.
(1) Lpα ⊂ Lpβ for 0 < α ≤ β. In particular, Lp0 is the standard Sobolev
space Lp and Lpα ⊂ Lp for α ≤ 0.
(2) If f ∈ Lpα, g ∈ Lqβ for p, q > 0 satisfying 1p + 1q = 1, then fg ∈ L1α+β .
(3) If f ∈ Lpα for p > 0 and α < 0, then f ∈ Lp′ for p′ satisfying
αp
p−p′ < −2.
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Proof: Since e−αpκρ˘ ≥ e−βpκρ˘ for 0 < α ≤ β and e−αpκρ˘ = 1 for α = 0,
then (1) holds. (2) can be proved by the Ho¨lder inequality∫
M
|fg|e−(α+β)κρ˘dµg˘ ≤
(∫
M
|f |pe−αpκρ˘dµg˘
) 1
p
(∫
M
|g|qe−βqκρ˘dµg˘
) 1
q
.
(3) can be proved by the Ho¨lder inequality∫
M
|f |p′dµg˘ ≤
(∫
M
|f |pe−αpκρ˘dµg˘
) p′
p
(∫
M
e
αp
p−p′ κρ˘dµg˘
) p−p′
p
<C
(∫
M
|f |pe−αpκρ˘dµg˘
) p′
p
.
Q.E.D.
In terms of the reference metric g˘ together with its Levi-Civita connection
∇˘, we can write the scalar curvature of any metric g as
R = ∇˘kV k + F,
where
V k =gijT kij − gikT jji,
F =R˘− ∇˘kgijT kij + ∇˘kgikT jji + gij(T kklT lij − T kjlT lik),
T kij =
1
2
gkl(∇˘igjl + ∇˘jgil − ∇˘lgij).
Let set of vector ~X = (X0,X1,X2,X3)
U =
{
~X : Xα ∈W 1,2with compact support
}
.
For any ~X ∈ U , we denote
R( ~X) =− 1
2
∫
M
∇˘k
(
X0
dµg
dµg˘
)
V kdµg˘
+
∫
M
(1
2
(
F +H2 − |h|2)+ 3κ2)X0dµg
+
∫
M
(
hij − gijH
)
∇jXidµg.
Definition 2.1. Initial data set (M,g, h) is weak asymptotically anti-de
Sitter of order τ > 32 with distributional curvature if
(1) There is a compact set K ⊂M such that M \K is the disjoint union
of a finite number of subsets (ends) Mi and each Mi is diffeomorphic
to R3 \Br with Br the closed ball of radius r;
(2) Under this diffeomorphism, g − g˘ ∈ C0 ∩W 1,2−τ+1, h ∈ C0 ∩ L2−τ+1;
(3) R( ~X) < +∞ for any ~X ∈W 1,21
2
.
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Definition 2.2. Let (M,g, h) be a weak asymptotically anti-de Sitter initial
data set of order τ > 32 with distributional curvature. It satisfies the weak
dominant energy condition if, for all future-directed, non-spacelike ~X ∈ U ,
R( ~X) ≥ 0. (2.1)
Throughout the paper we denote the cut-off function
χρ =


0, r > ρ+ ε,
1− r − ρ
ε
, ρ < r ≤ ρ+ ε,
1, r ≤ ρ.
3. Dirac equation
Recall (cf. [20]) that the anti-de Sitter spacetime equipped with the metric
g˜AdS = − cosh2(κr)dt2 + dr2 + sinh
2(κr)
κ2
(
dθ2 + sin2 θdψ2
)
is characterized by imaginary Killing spinors
∇˜AdSX Φ0 +
κ
√−1
2
X · Φ0 = 0.
Fix the Clifford representation
e˘0 7→


1
1
1
1

 , e˘1 7→


−1
1
1
−1

 ,
e˘2 7→


1
1
−1
−1

 , e˘3 7→ √−1


1
−1
−1
1

 ,
(3.1)
then the imaginary Killing spinor Φλ0 takes the following form
Φλ0 =


u+e
κr
2 + u−e−
κr
2
v+e
κr
2 + v−e−
κr
2
−√−1u+eκr2 +√−1u−e−κr2√−1v+eκr2 −√−1v−e−κr2

 , (3.2)
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where
u+ =
(
λ1 cos
κt
2
+ λ3 sin
κt
2
)
e
√−1
2
ψ sin
θ
2
+
(
λ2 cos
κt
2
+ λ4 sin
κt
2
)
e
−√−1
2
ψ cos
θ
2
,
u− =
(
− λ1 sin κt
2
+ λ3 cos
κt
2
)
e
√−1
2
ψ sin
θ
2
+
(
− λ2 sin κt
2
+ λ4 cos
κt
2
)
e
−√−1
2
ψ cos
θ
2
,
v+ =−
(
− λ1 sin κt
2
+ λ3 cos
κt
2
)
e
√−1
2
ψ cos
θ
2
+
(
− λ2 sin κt
2
+ λ4 cos
κt
2
)
e
−√−1
2
ψ sin
θ
2
,
v− =−
(
λ1 cos
κt
2
+ λ3 sin
κt
2
)
e
√−1
2
ψ cos
θ
2
+
(
λ2 cos
κt
2
+ λ4 sin
κt
2
)
e
−√−1
2
ψ sin
θ
2
,
and λ1, λ2, λ3, λ4 are four arbitrary complex numbers [20]. The Killing
spinor Φ0 along M is given by fixing t in Φ
λ
0 .
Now we solve the Dirac equation for weak initial data sets with distribu-
tional curvature. Note that g = g˘ + a with a ∈ W 1,2−τ+1. Orthonormalizing
e˘i with respect to the metric g yields a gauge transformation
A : SO(g˘)→ SO(g)
e˘i 7→ ei
where ei =
(
δik − 12aik + f
)
e˘k, f = O(a
2) ∈ W 1,1−2τ+2. It provides identifies
between the two spin groups as well as the spinor bundles.
Lemma 3.1. Let ∇′ = A◦∇˘◦A−1. Then the following asymptotic formula
holds∑
j, j 6=i
Re〈φ, ei · ej · (∇j −∇′j)φ〉 =
1
4
(
∇˘jgij − ∇˘itrg˘(g) + b
)
|φ|2. (3.3)
where b ∈ L1−2τ+2 ∩ L
3
2 .
Proof: The computation is standard (e.g. [23]). The term b involve
(∇˘aik)akj e˘j and higher order terms. Since a ∈ W 1,2−τ+1, we have ∇˘aik ∈
L2−τ+1 and akj ∈ L2−τ+1. Lemma 2.1 (2) gives (∇˘aik)akj ∈ L1−2τ+2, and
Lemma 2.1 (3) gives ∇˘aik ∈ L
3
2 . Hence (∇˘aik)akj ∈ L
3
2 as aik ∈ C0. The
lemma follows from these estimates. Q.E.D.
We extend the imaginary Killing spinors Φ0 smoothly to M . Then Φ0 =
AΦ0 are their pullback to the metric g. (For sake of simplicity, we omit λ
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here.) Let ∇̂′X = ∇′X +
√−1
2 κX. It is straightforward that
∇̂′jΦ0 =A
(
−
√−1
2
κej · Φ0
)
+
√−1
2
κej · Φ0
=A
(
−
√−1
2
κ
(
δij − 1
2
aij + f
)
e˘i · Φ0
)
+
√−1
2
κej · Φ0
=
√−1
4
κajkek · Φ0 + cΦ0
(3.4)
for some c ∈ L1−2τ+2.
Let H1(S) be the set of spinors with finiteW 1,2 norm. For any φ ∈ H1(S),
we define the associated vector ~Xφ where
X0φ = χρ〈φ, φ〉, Xiφ = χρ〈φ, e0eiφ〉.
Note that ~Xφ is always future-directed, non-spacelike (eg. see the proof of
Lemma 1 [6]).
Recall that for smooth g, h and compactly supported smooth spinor φ,
the Weitzenbo¨ck formula gives∫
M
〈∇̂ψ, ∇̂φ〉 − 〈D̂ψ, D̂φ〉+ 〈ψ, R̂φ〉 = 0
where R̂ = 12(T00 − T0ie0ei).
By applying the density argument, similar to the discussions of Proposi-
tion 3.2 in [8] and Lemma 12 in [18], we can derive the following Weitzenbo¨ck
formula in the distributional case.
Lemma 3.2. Let (M,g, h) be a weak asymptotically anti-de Sitter initial
data set of order τ > 32 with distributional curvature. Then we have for any
φ ∈ H1(S),∫
M
(
〈−D̂ (χρφ) , D̂φ〉+ 〈∇̂ (χρφ) , ∇̂φ〉
)
+R( ~Xφ) = 0.
The following lemma can be proved using Lemma 3.2
Lemma 3.3. Let ∇̂∗, D̂∗ be the adjoint operators of ∇̂, D̂ respectively. If
the weak dominant energy condition holds, then, for any φ ∈ H1(S),∫
M
|D̂φ|2 ≥
∫
M
|∇̂φ|2,
∫
M
|D̂∗φ|2 ≥
∫
M
|∇̂∗φ|2.
Proof: By Lemma 3.2,
−
∫
M
ei(χρ)〈φ, (∇̂i + eiD̂)φ〉 =
∫
M
(
−χρ|D̂φ|2 + χρ|∇̂φ|2
)
+R( ~Xφ)
≥−
∫
M
χρ|D̂φ|2 +
∫
M
χρ|∇̂φ|2.
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Since the left hand side goes to zero as ρ→∞, we obtain∫
M
|D̂φ|2 ≥
∫
M
|∇̂φ|2. (3.5)
Similarly, ∫
M
|D̂∗φ|2 ≥
∫
M
|∇̂∗φ|2. (3.6)
Q.E.D.
Proposition 3.1. Let (M,g, h) be a weak asymptotically anti-de Sitter ini-
tial data set of order τ > 32 with distributional curvature. Suppose that the
weak dominant energy condition holds. Then there exists a unique spinor
Φ1 in H
1(S) such that
D̂
(
Φ1 +Φ0
)
= 0.
Proof: The proof is similar to that of Lemma 4.2 in [23]. Define the
bilinear form
B(φ,ψ) =
∫
M
〈D̂∗φ, D̂∗ψ〉
on H1(S). If the weak dominant energy condition holds, then (3.5) implies
that B(·, ·) is coercive. Since D̂Φ0 ∈ L2(S), ∇̂Φ0 ∈ L2(S), there exists a
spinor φ1 ∈ H1(S) such that, for any ψ ∈ H1(S),∫
M
〈D̂∗φ1, D̂∗ψ〉 = −
∫
M
〈D̂Φ0, ψ〉.
Let Φ1 = D̂
∗φ1, and Φ = Φ1 +Φ0, then Φ1 ∈ L2(S) and∫
M
〈Φ, D̂∗ψ〉 = 0
for any ψ ∈ H1(S). Let φj be a sequence of H1(S) spinors converging to Φ1
in L2(S). For any ψ ∈ H1(S), we get
lim
j→∞
〈D̂(φj +Φ0), ψ〉L2 = lim
j→∞
〈(φj +Φ0), D̂∗ψ〉L2 = 〈Φ, D̂∗ψ〉L2 = 0.
Thus D̂(φj +Φ0) converges to 0 in the weak L
2(S) topology and |D̂φj |L2 is
bounded independently of j. This implies that |φj |H1 is bounded indepen-
dently of j and φj converging to Φ1 weakly inH
1(S). Therefore, D̂Φ ∈ L2(S)
and D̂Φ = 0.
Now we prove the uniqueness. If there exist Φi ∈ H1(S) such that D̂(Φi+
Φ0) = 0 for i = 1, 2. Let Ψ = Φ1 − Φ2, then D̂Ψ = 0 and Ψ ∈ H1(S).
The inequality (3.5) implies that ∇̂Ψ = 0. Denote MR a domain of one
end satisfying ρ˘ > R for some large R. Denote dω˘ the volume form of the
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standard round sphere S2. Let A be a positive constant which is determined
later. Since Ψ ∈ L2(S), we have∫
S2
(∫ +∞
r
χρ˘|Ψ|2e−(A+2κ)√gdρ˘
)
dω˘ < +∞
for any positive constant A. Therefore we obtain∫
S2
(∫ +∞
r
χρ˘|Ψ|2e−(A+2κ)ρ˘√gdρ˘
)
dω˘
≤− C
A
∫
S2
(∫ +∞
r
χρ˘|Ψ|2d(e−Aρ˘)
)
dω˘
≤C
A
∫
S2
(∫ +∞
r
(2χρ˘|〈∇e˘1Ψ,Ψ〉|e−Aρ˘ + χ′ρ˘|Ψ|2e−Aρ˘)dρ˘
)
dω˘
≤2C
A
∫
S2
(∫ +∞
r
χρ˘|〈1
2
h(e˘1, ej)e0 · ej ·Ψ− κ
√−1
2
e˘1 ·Ψ,Ψ〉|e−Aρ˘dρ˘
)
dω˘
+
C
A
∫
S2
(∫ +∞
r
C1χρ˘|Ψ|2e−Aρ˘dρ˘
)
dω˘
≤C2|h|C0 + C3κ+C1
A
∫
S2
(∫ +∞
r
χρ˘|Ψ|2e−Aρ˘dρ˘
)
dω˘
≤C¯
A
∫
S2
(∫ +∞
r
χρ˘|Ψ|2e−(A+2κ)ρ˘√gdρ˘
)
dω˘.
The inequality gives, by choosing A > C¯, that∫
M
χρ˘|Ψ|2e−Aρ˘√gdρ˘dω˘ = 0.
Hence Ψ = 0 on MR. By Lemma 9.1 of [2], we obtain Ψ = 0 on M −MR
and the proof of this proposition is complete. Q.E.D.
The proof of the uniqueness in the Proposition 3.1 also implies the fol-
lowing proposition.
Proposition 3.2. Let (M,g, h) be a weak asymptotically anti-de Sitter ini-
tial data set of order τ > 32 with distributional curvature. Suppose that Φ0α
are linearly independent Killing spinors and Φ1α ∈ H1(S). If
∇̂Φα = 0, Φα = Φ1α +Φ0α,
then Φα are linearly independent everywhere in M .
4. Total energy-momentum and proof of Theorem 1.2
In this section we first define the total energy-momentum for weak initial
data sets. Denote
Ei = ∇˘jgij − ∇˘itrg˘(g)− κ(a1i − g1itrg˘(a)), Pki = hki − gkitrg˘(h).
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Let Uαβ be the restrictions of the Killing vectors on the t-slice (cf. Appendix
A [20]). Given ε > 0, ρ > 0, we introduce the following ten pre total energy-
momentum
E0(ε, ρ) =
κ
16π
1
ε
∫
ρ<r<ρ+ε
E1U (0)40 dµg˘,
ci(ε, ρ) =
κ
16π
1
ε
∫
ρ<r<ρ+ε
E1U (0)i4 dµg˘ +
κ
8π
3∑
j=2
1
ε
∫
ρ<r<ρ+ε
Pj1U (j)i4 dµg˘,
c′i(ε, ρ) =
κ
16π
1
ε
∫
ρ<r<ρ+ε
E1U (0)i0 dµg˘ +
κ
8π
3∑
j=2
1
ε
∫
ρ<r<ρ+ε
Pj1U (j)i0 dµg˘,
Ji(ε, ρ) =
κ
8π
3∑
j=2
1
ε
∫
ρ<r<ρ+ε
Pj1V (j)i dµg˘.
With respect to Clifford multiplication (3.1), the pre energy-momentum
matrix is
Q(ε, ρ) =
(
P (ε, ρ) W (ε, ρ)
W
t
(ε, ρ) Pˆ (ε, ρ)
)
, (4.1)
where
P (ε, ρ) =
(
E0(ε, ρ) − c3(ε, ρ) c1(ε, ρ) −
√−1c2(ε, ρ)
c1(ε, ρ) +
√−1c2(ε, ρ) E0(ε, ρ) + c3(ε, ρ)
)
,
Pˆ (ε, ρ) =
(
E0(ε, ρ) + c3(ε, ρ) −c1(ε, ρ) +
√−1c2(ε, ρ)
−c1(ε, ρ) −
√−1c2(ε, ρ) E0(ε, ρ) − c3(ε, ρ)
)
,
W (ε, ρ) =
(
w1(ε, ρ) w
+
2 (ε, ρ)
w−2 (ε, ρ) −w1(ε, ρ)
)
,
w1(ε, ρ) = c
′
3(ε, ρ)−
√−1J3(ε, ρ),
w±2 (ε, ρ) = −c′1(ε, ρ) ± J2(ε, ρ)±
√−1(c′2(ε, ρ) ± J1(ε, ρ)).
Lemma 4.1. Let (M,g, h) be an asymptotically anti-de Sitter initial data
set of order τ > 32 with distributional curvature. Suppose it satisfies the weak
dominant energy condition. Let φ be the solution of the Dirac-type equation
D̂φ = 0 obtained in Proposition 3.1. Then
8π~λQ(ε, ρ)~λt +
1
2ε
∫
ρ<r<ρ+ε
O(L1)dµg˘ =
∫
M
χρ|∇̂φ|2 +R( ~Xφ). (4.2)
Proof: Since D̂φ = 0 and∫
M
〈∇̂ (χρφ) , ∇̂φ〉+R( ~Xφ) = 0,
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we obtain,∫
M
χρ|∇̂φ|2 +R( ~Xφ)
=−
∫
M
〈(∇̂χρ)φ, ∇̂φ〉
=
1
4ε
∫
ρ<r<ρ+ε
(∇˘jg1j − ∇˘1trg˘(g))|Φ0|2dµg˘
+
1
4ε
∫
ρ<r<ρ+ε
κ(ak1 − gk1trg˘(a))〈Φ0,
√−1e˘k · Φ0〉dµg˘
− 1
2ε
∫
ρ<r<ρ+ε
(hk1 − gk1trg˘(h))〈Φ0, e˘0 · e˘k · Φ0〉dµg˘
+
1
2ε
∫
ρ<r<ρ+ε
Err dµg˘
=8π~λQ(ε, ρ)~λt +
1
2ε
∫
ρ<r<ρ+ε
Err dµg˘.
Now we show that the error term Err belongs to L1. The error term
contains the following three types of spinors:
(1) b|Φ0|2 where b ∈ L1−2τ+2. In this case∫
M
b|Φ0|2dµg˘ ≤ C1
∫
M
beκρ˘dµg˘ ≤ C
∫
M
be(2τ−2)κρ˘dµg˘ <∞.
(2) hk1〈Φ0, e˘0 · e˘k · Φ1〉. Since Φ1 ∈ L2, hk1 ∈ L2−τ+1,(∫
M
|hk1〈Φ0, e˘0 · e˘k · Φ1〉|dµg˘
)2
≤ C1
∫
M
|hk1|2|Φ0|2dµg˘
∫
M
|Φ1|2dµg˘
≤ C2
∫
M
|hk1|2|Φ0|2dµg˘
≤ C
∫
M
|hk1|2e(2τ−2)κρ˘dµg˘ <∞.
(3) c|Φ1|2 where c ∈ C0 or c ∈ L 32 . If c ∈ C0, as Φ1 ∈ L2,∫
M
c|Φ1|2dµg˘ ≤ C1
∫
M
|Φ1|2dµg˘ <∞.
If c ∈ L 32 , as Φ1 ∈ W 1,2, the Sobolev embedding theorem implies Φ1 ∈ L6.
Using Ho¨lder inequality, we obtain∫
M
c|Φ1|2dµg˘ ≤
(∫
M
|c| 32 dµg˘
) 2
3
(∫
M
|Φ1|6dµg˘
) 1
3
<∞.
Therefore, (4.2) follows. Q.E.D.
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Proposition 4.1. Let (M,g, h) be a weakly asymptotically anti-de Sitter
initial data set of order τ > 32 with distributional curvature. Then the fol-
lowing limits exist and they do not depend on ε
E0 = lim
ρ→∞E0(ε, ρ), ci = limρ→∞ ci(ε, ρ), c
′
i = lim
ρ→∞ c
′
i(ε, ρ), Ji = lim
ρ→∞ Ji(ε, ρ).
Proof: Recall that the following Weitzenbo¨ck formula holds∫
M
(
〈−D̂ (χρφ) , D̂φ〉+ 〈∇̂ (χρφ) , ∇̂φ〉
)
+R( ~Xφ) = 0.
Inserting Φ0 (See Section 3) into the equation above, we obtain∫
M
(
〈−D̂ (χρΦ0) , D̂Φ0〉+ 〈∇̂ (χρΦ0) , ∇̂Φ0〉)+R( ~XΦ0) = 0.
Argument similar to Lemma 4.1 shows that∫
M
(
−χρ|D̂Φ0|2 + χρ|∇̂Φ0|2
)
+R( ~XΦ0)
=
∫
M
−〈(∇̂χρ)Φ0, ∇̂Φ0〉+ 〈D̂(χρ)Φ0, D̂Φ0〉
=8π~λQ(ε, ρ)~λt +
1
2ε
∫
ρ<r<ρ+ε
O(L1)dµg˘.
We will prove the result for E0, other qualities may be discussed similarly.
Taking ~λ1 = (1, 0, 0, 0) and ~λ2 = (0, 1, 0, 0) and let φi be Φ0 corresponding
for ~λi, then taking summation, one derives that∫
M
χρ(|∇̂φ1|2 + |∇̂φ2|2 − χρ|D̂φ1|2 − χρ|D̂φ2|2) +R( ~Xφ1) +R( ~Xφ2)
=16πE0(ε, ρ) +
1
2ε
∫
ρ<r<ρ+ε
O(L1)dµg˘.
Since ∇̂φi, D̂φi ∈ L2, and the limit of R( ~Xφi) is finite as ρ→∞, Lebesgues
dominated convergence theorem implies E0(ε, ρ) convergence to a finite limit
as ρ→∞ which is independent of ε. Note that the Killing spinor Φ0 is pulled
back on the end and extended to the inside of M , and E0 is obtained by
taking ρ→∞ lying on the end, thus it does not depend on how one extends
the Killing spinor to the inside of M to get Φ0. Q.E.D.
Definition 4.1. Let (M,g, h) be a weak asymptotically anti-de Sitter initial
data set of order τ > 32 with distributional curvature. E0 is defined as the
total energy, ci, c
′
i and Ji are defined as the total momenta.
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As in [20], we denote c = (c1, c2, c3), c
′ = (c′1, c
′
2, c
′
3), J = (J1, J2, J3) and
L =
(|c|2 + |c′|2 + |J|2) 12 ,
A =
(|c× c′|2 + |c× J|2 + |c′ × J|2) 14 ,
V =
(
εijlcic
′
jJl
) 1
3 ,
(4.3)
where 2L, 2A2 and V 3 are the (normalized) length, surface area and volume
of the parallelepiped spanned by c, c′ and J.
Proof of Theorem 1.2. From Proposition 4.1, we know that
lim
ρ→∞Q(ε, ρ) = Q
exists and is independent on ε. Then Lemma 4.1 shows that Q is pos-
itive semi-definite. Same as [20], we can prove that the trace trQ, sum
of the second-order minors Q(2), sum of the third-order minors Q(3) and
the determinant detQ are independent on t as well as on specific Clifford
representation. Their nonnegativity gives rise to (1.1).
If E0 = 0 for some end, then by Proposition 3.2, there exists {φα} which
forms a basis of the spinor bundle over M everywhere such that
lim
ρ→∞
∫
M
χρ|∇̂φα|2dµ = 0. (4.4)
Since ∇̂φα ∈ L2, Lebesgue’s dominated convergence theorem implies∫
M
|∇̂φα|2dµ = 0. (4.5)
Let ψ be any H1 spinor with compact support set. Since∫
M
〈∇̂i∇̂jφ,ψ〉dµ
=−
∫
M
〈∇̂jφ,∇iψ〉dµ −
∫
M
〈∇̂jφ, 1
2
hije0 · ej · ψ〉dµ
+
∫
M
〈∇̂jφ,
√−1
2
κei · ψ〉dµ.
(4.6)
By (4.5) and Ho¨lder inequality, we know that all the terms in the right hand
side of (4.6) are zero for φ = φα. This implies, in the sense of distribution,
∇̂i∇̂jφα = 0. (4.7)
Therefore, in the sense of distribution,(∇̂i∇̂j − ∇̂j∇̂i)φα = (P1 + P2 + P3)φα, (4.8)
14 YAOHUA WANG† AND XIAO ZHANG♭
where
P1 = −1
4
(
Rijkl + κ
2(δikδjl − δilδjk) + hikhjl − hilhjk
)
ek · el·,
P2 = −1
2
(∇ihjk −∇jhik)e0 · ek·,
P3 = −
√−1κhjke0 · ei · ek ·+
√−1κhike0 · ej · ek · .
Therefore, by (4.7), (4.8), we obtain
2
∫
M
χ〈P1φα, φβ〉dµ =
∫
M
χ〈(P1 + P2 + P3)φα, φβ〉dµ
−
∫
M
χ〈φα, (P1 + P2 + P3)φβ〉dµ = 0
for any for any α, β and any H1 function χ with compact support set. In
terms of Proposition 3.2, it implies
Rijkl = −κ2(δikδjl − δilδjk)− hikhjl + hilhjk
in the sense of distribution. Furthermore, we get
P2 + P3 = 0
in the sense of distribution. Now using
e0 · P2 = −P2e0·,
e0 · P3 = P3e0·,
we obtain
2
∫
M
χ〈e0 · P2φα, φβ〉dµ =
∫
M
χ〈e0 · (P2 + P3)φα, φβ〉dµ
−
∫
M
χ〈(P2 + P3)e0 · φα, φβ〉dµ = 0.
Therefore, we obtain
∇ihjk −∇jhik = 0
in the sense of distribution. The proof of the theorem is complete. Q.E.D.
Remark 4.1. Due to Theorem 1.2, we define 4
√
detQ as the total rest mass
of weak asymptotically anti-de Sitter initial data sets. This total rest mass
was defined for usual asymptotically anti-de Sitter initial data sets in [20].
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